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Label distribution learning by exploiting structural label dependency
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Abstract: Aiming at the problem that the existing Label Distribution Learning (LDL) algorithms rarely consider the
correlation between labels, an LDL algorithm that combines structured label dependencies is proposed. The algorithm is
divided into three stages: expansion, learning and recovery. In the expansion stage, the association between the pair of labels is
combined to construct a structured label dependency. In the learning stage, combining this dependency, a learning framework
is constructed. In the recovery stage, the least square method is used to solve the overdetermined equations to predict the label
distribution. Compared with the seven popular label distribution learning algorithms, experiments are conducted on eight open
datasets. Our method is obviously superior at Euclidean distance, Serensen distance, Squard y” distance, Kullback -Leibler
divergence, Intersection similarity and Fidelity similarity.
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Fig.1 Difference between MLL and LDL
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Table 1 Notations

Notations Meaning
R ¢-dimensional input space
Y The complete set of labels
S The training set
xX; The i-th instance
d; The label distribution associated with x;
Di The predicted label distribution associated with x;
Ty The rth feature of x;
dy The description degree of the j-th label to
0 The distance-mapping model
X The instance matrix
D The label distribution matrix
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Table 2 Datasets used in this paper

Dataset Instance Feature Label

Alpha 2465 24 18
Cde 2465 24 15
Elu 2465 24 14
Diau 2465 24 7
Heat 2465 24 6
Spo 2465 24 6
Cold 2465 24 4
Dtt 2465 24 4
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Table 3 Evaluation measures for LDL algorithms

Measure Formula
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Table 5 Experimental results on the Alpha dataset
Euclidean v Sorensen y Squard ¥* v KL v Intersection A Fidelity 4
SD-LDL 0. 02360. 0003(1) 0. 03860. 0003(1) 0. 005710. 0003(1) 0. 00560. 0002(1) 0.961410. 0005(1) 0.998610. 0003(1)
PT-Bayes 0.229840.0124(8) 0. 348540. 0154(8) 0.387940.0277(8) 0.560740.0710(8) 0.651540. 0154(8) 0.877740.0100(8)
PT-SVM 0.027640. 0006(5) 0.044540. 0009(5) 0.007140.0003(5) 0.007140.0003(5) 0.9565+0. 0009(5) 0.9981+0.0001(5)
AA-KNN 0.0279=40. 0006(6) 0.044940.0012(6) 0.00734+0.0003(6) 0.0074=40. 0004(7) 0.9561+0.0012(6) 0.9980=+0.0001(6)
AA-BP 0.087140.0070(7) 0.1475+0.0131(7) 0.139940.0501(7) 0.007340.0058(6) 0.853840.0117(7) 0.9839+0.0017(7)
IIS-LLD 0.269=+0.0004(4) 0.042940.0012(3) 0.006940.0004(4) 0.006940.0004(4) 0.957140.0012(3) 0.9983+0.0011(4)
BFGS-LLD  0.025140.0004(2) 0.0408+0.0011(2) 0.006340.0008(2) 0.006340.0004(2) 0. 957440. 0009(2) 0.9985+0.0011(2)
EDL 0.026040.0011(3) 0.042940.0022(4) 0.006740.0006(3) 0.006840.0006(3) 0.957040.0022(4) 0.998340. 0002(3)
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Table 6 Experimental results on the Cdc dataset
Euclidean y Sorensen ¥ Squard ¥* v KL vy Intersection 4 Fidelity 4
SD-LDL 0. 028210. 0004(1) 0. 04281 0. 0008(1) 0. 007310. 0005(3) 0.00710.0001(2) 0.957210. 0004(1) 0. 9983%0. 0003(1)
PT-Bayes 0.239940.0103(8) 0.3455+0.0111(8) 3853+0.0210(8) 0.537440.0503(8) 0.654540.0111(8) 0.877840.0075(8)
PT-SVM 0.029840.0007(4) 0.045840.0012(5) 0.007740.0004(5) 0.007640.0004(5) 0. 955440.0012(5) 0.998040. 0001(5)
AA-KNN 0.030140.0009(6) 0.046240.0013(6) 0. 008040.0004(6) 0.007940.0004(6) 0.953840.0013(6) 0.998040. 0001(5)
AA-BP 0.076940.0081(7) 0.119240.0109(7) 0.0842+0.0281(7) 0.05114+0.0121(7) 0.882940.0134(7) 0.987940.0051(7)
1IS-LLD 0.029040.0010(5) 0.0445-+0.0015(3) 0.00734+0. 0005(4) 0.00724+0. 0005(4) 0.9556+0.0015(4) 0.9982+0.0012(4)
BFGS-LLD  0.0284=+0.0011(3) 0.044940.0016(4) 0.00700. 0004(1) 0.00700. 0005(1) 0.955840.0016(3) 0.9983+0.0011(2)
EDL 0.028340.0006(2) 0.04294+0.0008(2) 0.007240.0004(2) 0.007240.0004(3) 0.957140.0008(2) 0.998240.0001(3)
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Table 7 Experimental results on the Elu dataset
Euclidean v Sorensen y Squard y* v KL ¥ Intersection 4 Fidelity 4
SD-LDL 0. 02820. 0004(1) 0. 042310. 0006(1) 0. 006410. 0005(1) 0. 006310. 0003(1) 0. 957710. 0006(1) 0.998410. 0003(1)
PT-Bayes 0. 2588+0.0203(8) 0.3558=+0.0198(8) 0.408140. 0408(8) 0.6062+0. 1030(8) 0.6442+0.0198(8) 0.8689+0.0156(8)
PT-SVM 0.029340.0008(3) 0.043840.0012(3) 0.006840.0005(3) 0.006840.0005(3) 0.956240.0012(3) 0.998340.0002(3)
AA-KNN 0.029740.0010(4) 0.044340.0014(4) 0.007140.0006(5) 0.007140.0006(5) 0.955740.0014(4) 0.9982=0.0002(4)
AA-BP 0.073340.0037(7) 0.110040. 0048(7) 0.073140.0026(7) 0.048140.0061(7) 0.889140.0064(7) 0. 989040. 0025(7)
1IS-LLD 0.030740. 0009(5) 0.047240.0014(5) 0.007140.0004(4) 0.007140.0004(4) 0.952840.0015(6) 0.998240.0035(5)
BFGS-LLD  0.030840.0009(6) 0.047540.0012(6) 0.007540. 0004(6) 0.007340.0003(6) 0.95524+0.0017(5) 0.997940. 0009(6)
EDL 0.028940.0005(2) 0.043140.0008(2) 0.0067+0.0003(2) 0.0067+0.0003(2) 0.9569+0.0007(2) 0.9983+0.0001(2)
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Table 8 Experimental results on the Diau dataset
Euclidean v Serensen y Squard ¥* ¥ KL v Intersection A Fidelity 4
SD-LDL 0.0602=40.0009(5) 0.0660=+0. 0009(5) 0.016040.0015(5) 0.015540.0011(5) 0.934040. 0009(5) 0.995940. 0008(5)
PT-Bayes 0.402740.0183(8) 0.4177+0.0170(8) 0.528040.0281(8) 0.851240.0772(8) 0.582340.0170(8) 0.8230+0.0107(8)
PT-SVM 0.0628=+0.0037(6) 0.0686=+0.0041(6) 0.0169+0.0018(6) 0.016740.0017(6) 0.9314=+0.0041(6) 0.9957=+0. 0004(6)
AA-KNN 0.0567=+0.0019(3) 0.062240.0022(3)  0.0145+0.0011(3) 0.014540. 0010(3) 0.937840. 0022(3) 0.9963+0. 0003(3)
AA-BP 0.0802=+0.0051(7) 0.0863+0.0059(7)  0.0276+0.0013(7) 0.029140. 0069(7) 0.914240. 0067(7) 0.992940. 0031(7)
1IS-LLD .053940.0031(2) 0.0593£0.0032(2)  0.0144=+0.0014(2) 0.014140.0013(2) 0.940740. 0003(2) 0.9964+0.0036(2)
BFGS-LLD  0.044410.0022(1) . 047610. 0023(1) 0. 008910. 0008(1) 0. 008310. 0009(1) 0.951310. 0027(1) 0.9978+0. 0031(1)
EDL 0.059740.0010(4)  0.06530.0010(4)  0.01580.0005(4)  0.015540.0005(4)  0.93470.00104)  0.9960=0. 0002(4)
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Table 9 Experimental results on the Heat dataset
Euclidean ¥ Serensen v Squard ¥* ¥ KL v Intersection A Fidelity 4
SD-LDL . 06021 0. 0009(1) 0. 060710. 0008(1) 0.013110. 0012(1) 0.01300. 0008(1) 0. 939310. 0008(1) 0. 99671 0. 0008(1)
PT-Bayes .450040.0231(8) 0.4354-+0.0193(8) 0. 545040. 0361(8) 0.867840.1198(8) 0.564640.0193(8) 0.8180+0.0131(8)
PT-SVM .0625+0.0023(3) 0.0627+0.0022(2) 0.014140.0010(2) 0.014140.0010(2) 0.937340.0022(3) 0.9964=+0.0003(2)
AA-KNN .06240.0020(2) 0.0632+0.0018(3)  0.0141£0.0010(2) 0.014140.0010(2) 0.9368+0.0018(2) 0.9964+0.0003(2)
AA-BP .079340.0068(7) 0.082240.0071(7)  0.0235+0.0047(7) 0.024640. 0053(7) 0.919840. 0061(7) 0.9937+0.0028(7)
IIS-LLD .070340.0036(5) 0.0692+0.0033(5)  0.0182+0.0016(5) 0.018240. 0016(5) 0.930940. 0033(5) 0.9954+0. 0042(6)
BFGS-LLD .07284+0.0031(6) 0.0791£0.0029(6) 0.01884-0.0016(6) 0.01864-0.0015(6) 0.930440.0034(6) 0.996140. 0048(5)
EDL .062940.0016(4) 0.0633+0.0017(4) 0.014340. 0008(4) 0.014340.0008(4) 0.936640.0017(4) 0.996340.0003(4)
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Table 10 Experimental results on the Spo dataset
Euclidean v Serensen y Squard ¥* ¥ KL v Intersection A Fidelity 4
SD-LLDL 0.0835+0.0012(2) .086040.0011(2) 0.026540.0014(3) 0.026640.0011(3) 0.914040.0011(3) 0.993240.0006(4)
PT-Bayes 0.4038+0.0162(8) .40304-0. 0134(8) 0.497240.0246(8)  0.717240. 0840(8) 0.597140.0134(8) 0.834240. 0095(8)
PT-SVM 0.0878=+0.0019(5) .089340.0022(5)  0.0280+0.0015(5) 0. 028440. 0015(5) 0.910740.0022(5) 0.992940. 0004(5)
AA-KNN 0.0879+0.0030(6) .089940.0024(6)  0.0286+0.0020(6)  0.02860.0002(6) 0.909640. 0034(6) 0.992740. 0005(6)
AA-BP 0.0979+0.0041(7) .10124-0. 0038(7) 0.03444-0.0038(7) 0. 035940. 0039(7) 0. 898240. 0037(7) 0.9906+0. 0010(7)
IIS-LLD 0.0863+0.0041(4) .086140. 0036(3) 0.025140.0036(2) 0.025240. 0022(2) 0.913940.0036(3) 0.993740.0005(2)
BFGS-LLD  0.0819%0.0045(1)  0.0833£0.0038(1)  0.0229%0.0019(1)  0.0226£0. 0021(1)  0.916830.0039(1) 0. 9951=£0. 0007(1)
EDL 0.0843£0.0029(3)  0.087240.0029(4)  0.0268-£0.0015(4)  0.026940.0016(4)  0.9128-£0.0028(4)  0.9932-0. 0004(3)
F1l CodHFEELHIEER
Table 11 Experimental results on the Cold dataset
Euclidean v Serensen y Squard ¥ v KL v Intersection A Fidelity 4
SD-LDL . 0713%0. 0009(1) 0.061910. 0009(1) 0.013310. 0019(1) 0.01300. 0014(1) 0. 938110. 0009(1) 0. 99681 0. 0014(1)
PT-Bayes .5252+0.0224(8) 0.447940.0189(8)  0.5873+0.0352(8) 0.908940. 1042(8) 0.552140.0189(8) 0.799140.0134(8)
PT-SVM .075340.0080(4) 0.0654=+0.0069(5) 0.014740.0033(4) 0.014640.0033(4) 0.934640.0069(5) 0.996340. 0008(4)
AA-KNN .072440.0027(2) 0.0630+0.0024(2) 0.013640.0011(2) 0.013640.0011(2) 0.937040.0024(2) 0.9966+0.0003(3)
AA-BP . 083840.0045(7) 0.0710£0.0027(7) 017840.0011(7) 0.016340.0030(7) 0.932840.0029(7) 0.995240.0017(7)
IIS-LLD .076740.0004(5) 0.0653+0.0034(4) 0.015740.0015(6) 0.015540.0015(6) 0.934740.0034(4) 0.9960+0.0039(6)
BFGS-LLD .074540.0004(3) 0.0641£0.0035(3)  0.0139£0.0013(3) 0.014340.0015(3) 0.934840. 0035(3) 0.9968+0.0036(2)
EDL .077140.0018(6) 0.0668+0.0016(6)  0.0154+0.0009(5) 0.015340. 0009(5) 0.933240. 0016(6) 0.996140. 0003(5)
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Table 12 Experimental results on the Dtt dataset
Euclidean v Sorensen ¥ Squard y* v KL ¥ Intersection 4 Fidelity 4
SD-LDL 0. 0495%0. 0015(1) 0.042940.0013(2) 0.006640.0038(2) 0.006340.0029(2) 0.957140.0013(2) 0.9983+0.0021(3)
PT-Bayes 0.4879+0.0242(8) 0.4156+£0.0192(8)  0.5416+0.0438(8) 0.906940. 1580(8) 0.5844=+0.0192(8) 0.8113£0. 0186(8)
PT-SVM 0.051640. 0029(5) 0.0447+0.0024(5) 0.007140. 0009(6) 0.007140. 0009(6) 0. 955340. 0024(5) 0.998240.0003(5)
AA-KNN 0.051240.0019(4) 0.0443+0.0017(4) 0.007140.0007(5) 0.007040.0007(5) 0.955740.0017(4) 0.998240.0002(4)
AA-BP 0.062240.0032(7) 0.0531£0.0029(7)  0.0097=+0.0012(7) 0.012240. 0037(7) 0.9465+0.0024(7) 0.9969+0. 0011(7)
IIS-LLD 0. 053540. 0023(6) 0.0480£0.0023(6) 0.006840. 0005(3) 0.006840. 0005(3) 0.952040.0023(6) 0.9983+0.0013(2)
BFGS-LLD 0.049540.0019(2) 0.0409%0.0017(1) 0. 005810. 0005(1) 0. 005410. 0004(1) 0. 958410. 0023(1) 0. 9989+0. 0010(1)
EDL 0. 05084+0.0022(3) 0.0440£0.0018(3)  0.0069+0.0007(4) 0.006840. 0008(4) 0.956040. 0018(3) 0.998240. 0003(5)

KFR .BFGS-LLD Bk fE AAECE4E LR
P, AA-KNN 575 AFE WA 00 4 B R 35
L, TIS-LLD 2 ¥ F1 PT-SVM 8 AU TE — S 4
£ LR RIE NS . AA-BP B %Ml PT-Bayes
FIEFE T AT SRS R ANE

5 KA SCHR A SD-LDL 8 vk 5L Fh 3=
i LDL Bk MEXF b . A sS4 ) SD-LDL 5%
LA B LRI S
3.5 it i 2 MLL 2% B4R % 1Y WORt AH OC Mk
(8 JEt K, A SO o AR BUBR 48 ] 1Y) 45 A4) 491 1 LA 4
o A TR ) T RE T . 3 S bR A R AR A % AK
P A5 TI0I0 A R 0 (% 2 B 1, BE 6% T 48R 3 Hh
FAEFFAE R M X FOAR 25 43 A1 50 M D 22 [H] 1 6 & .
52 25 HUUE B AE 2 BORO0E 4R b AR SCER 1 Y SD-
LDL 5k i R 80 He-E A £ 3000 LDL 5 1k 5 4

*FF Alpha,Cold, Elu, Cdc fl Heat £ #5 ££ , A%
SCHE ) SD-LDL 87 76 46 K 2 800 PF i 48 b -
Bl X REHA IR SR EREZ A
B Z2 A I FH 1 s 2 45 ) A P

Xf T Spo 1 Diau 45 % , SD-LDL 5 i il
EDL %8 3k 1y 3R 9L mg b 4 T BFGS-LLD Bk .
Hi G B X 2 T AR AR (R Y OC &R L T BFGS-
LLD S ¥R . vl figte i T X i Bl 4 b
FREET I X R AR, 8 2R TRAREPHT

S bR 2 W) 26 2 1 J7 S A T3 A SO 4
4 & g
LDL & ™l Al 102 S HEA 2 AT LA A0

Ak B 25 05 SCTR) R . kg 1 ) 0 A 265 114 285 A 4K
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FEAR RN TAE 2230 AR JUAS Jr o 4
5 LDL 53 v g
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